SUPPLEMENT TO “INFLUENCE DIAGNOSTICS FOR RIDGE
REGRESSION USING THE KULLBACK-LEIBLER
DIVERGENCE”

ALONSO OGUEDA AND FELIPE OSORIO

ABSTRACT. In this supplement, we present explicit expressions to determine
the influence of the ith observation on the ridge estimator and obtain Vg,
and F' g7 which define the local curvature considering several perturbation
schemes.

APPENDIX A. CASE-DELETION INFLUENCE MEASURE BASED ON
THE KULLBACK-LEIBLER DIVERGENCE

Proof of Proposition 1. We have that § = E(B)\) - E(,(A%\ (7)) can be written as
§=5'X"XB-8"()X X0,
due to the fact that XE';)X(@ =X"X - a:i:c;r7 and
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For the calculation of tr COV(B) Cov™! (B)\ (1)) it is required to obtain the trace of the
XTXSXISA (i)(XEE)X(i))’ISA (i)S;1 matrix. After a simple but tedious algebra,
1
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we obtain
XTXS'SA(0)(X X () ' Sx(i)Sy = X T XS (S\ — wimj){(XTX)—l
1 _ _ _
+ (X X) 2] (XTX) (S —@ia])ST!
_ L TixTx -l Tg-1_ M T
_Ip—&—l_h“_:)clxi (X'X) x;x; S 1—hiiw2xi S
hii _ _
- X'XS wal (XTX) - — h”XTXS/\lmiwiT(XTX) !
h2.
+hi X T XS ] ST+ ﬁXTXS;lmimjs;l.
Therefore,
~ ~ hii 2hiihii (A
tr Cov(By) Cov ™ (B (1)) = p+ i — o () — ZhisY)
1-— h“ 1-— hu
+ i tr XTX.S’/(lzniw;r.S';1
1—hy
=p+ (h“ — thi()\) + hg; tr XTXS)TliL'i:BZTSXI).

Using the SVD decomposition of X = UDV " and noting that «; = V Du,, for
i=1,...,n, leads to,

X' XS xix] S = VD?*(D? + M) ' Dusu] D(D* + \I,)"'V"T,
hence
tr X T XS i) S = tr Auyu] A = u Au;,
with A = (D? 4+ AI)~'D?. Consequently,

tr Cov(B,) Cov™ (B, (i) = p +
In addition, as
XX ol =X XTI - (X" X) zw] )| = (1 hi)| XX,
1SA(0)] = [Sx(T = S5 wiw] )| = (1= his(N))[Sal,

leads to write the ratio of determinants as

1 71h__ {(1 + uz—‘rAzui)hii - 2hii()\)}. (A.2)

[CoviB)| _ _ o™ISy'XTXSY (15201 X7 x|
[CovBr@)]  o™IST DX XSOl N IS XX )
_{azhOnisiye XX 0-hR
Thus, by collecting Equations (A.1), (A.2) and (A.3), allows to verify the proposi-
tion. (I

APPENDIX B. CURVATURE DERIVATION

In this appendix we derive the first and second differential d,, K L(w) and d2 K L(w)
for the each perturbation scheme defined in Section 3.2 of the manuscript. The vec-
tor Vi and matrix F g, are efficiently obtained using the differentiation method
described in Magnus and Neudecker (2019) (see also Liu et al., 2024).
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Proof of Proposition 2. Assume the influence function

KL(w) = 587 ()8:()(X W X) " 85(w)(w) ~ 2
+ %trXS;ls,\(w)(XTWX)’lSA(w)S;IXT

1 1
+log |Sy| — 51og|XTX| —log |Sx(w)| + ilog\XTWXL

where §(w) = (M \—M y(w))3, with M, = S;' X T X and M, (w) = S; ' (w) X W X.
Consider the following differentials,

d(XTWX) = (X" WX) ' XTdWX(X'WX) !, (B.1)
dylog| X TWX|=tr( X WX) ' XWX, (B.2)
d, Sy(w)=X"TdWX, (B.3)
d,log |Sy(w)| = tr ST (w) X TdW X, (B.4)
dy S (w) = =S M (W)X TdWX S, Hw), (B.5)
and additionally

dy My(w) = —{S7Hw)XTdWXS ' (w)X WX
- S Hw)XTdW X}, (B.6)

Using Equations (B.1) through (B.6), and after some algebra, it follows that
1
dy KL(w) = == tr X (X TWX) 'Sy (w)(Mx — M, (w))88" X" dW
g
1 T -1 TyxT -1 T
+ St X(XTWX) 'S\ (w)(My — M\(w)B8' X WXS (w)X " dW
g
+tr X(XTWX) 'S, (w)SP X TXS ' X TdwW
1
— §X(XTWX)‘1S,\(w)S}lXTXS/(lSA(w)(XTWX)‘lXT AW
1
+5 tr X( X WX) ' XTdW —tr X 'S Hw) X TdW.
Evaluating at w = wq, we have
M), — M(wo) =0, S)(w)=8,, X WX=X"X,
from which it follows that
1
do KL(W)[,_, = trX'S;'XdW - 5 tr X(X'X)'X"Tdw
1
+3 tr X(X'X) 1 XTdW —tr X TSP X dW =0.

Using the first identification theorem given in Magnus and Neudecker (2019), we
obtain that GKL(w)/aw’wsz =0.
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Now, we have
P KL(w) = %BTXT AWX (X WX) ' XTdWX (X WX)" 18, (w)d(w)
— %ﬂTXT dWX (X" WX)'XTdWXé(w)
- %ﬂTXT AWX (X' WX) ' XTdWXS;Hw) X WXg
— %ﬁTXT dWX(X'WX)'X"TdwWX3
- %ﬁTXT AWX S Hw)XTdWX(XTWX)718)(w)d(w)
— %EXTWXS;l(w)XT AdWXS Hw)XTdWX (X TWX)18)(w)d(w)
- %[)JXTWXS;l(w)XT AdWX(XTWX) ' XTdWX(X"TWX)" 18, (w)d(w)
+ %BTXTWXSXI(QJ)XT AdWX(X"TWX) ' XTdWXS ' (w)X WX}
- %EXTWXS*(QJ)XT AdWX(X"WX) ' XTdwXxg
—tr XS XTAWX(XTWX) ' XTdWX(X 'WX) 18, (w)S ' X"
+r XS XTdWX(XTWX) ' XTdwX S X"
+tr X TSIS\ (W) (X TWX)TIXTdWX( X TWX) I XTdWX (X TWX) 18, (w)S ' X T
— %trXTS/(lS,\(w)(XTWX)’IXT AWX(X ' WX)'XTdwXxs;'X"T
— % tr(X T WX) I XdWX( X' WX) I XTdWX
+tr Sy (W)X TdWX S Hw)X T dWX.
Evaluating at w = wg and 0 = b}, it follows

2 KL(w)|

L Sr o 2
oo, 0By = &—imx AdWHdW XS,
1 ~ ~
+ B\ X HNIAWHIWHMNXB, —trHN)dWHdIWH
X
+tr HANAWHIWH\) —tr HNAWHIWH +tr HIWHdWH
1
+tr HAO)AWHQO) AW — S tr HIWH dW.
Noticing that IA/,\ = X,@)\ = H(\)Y, and
HH(A)=H()), HM\H=H(}),
we obtain
BKLW)|, o g, = — Aiz tr HA)CH\)AWHdAW +tr H*(\) dWH AW
o, 0= 57

1
~ 20 HO\)AWHAW + w HAO)dWHN\) AW + S e HIWHdW,

where C =YY —Y,Y].
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Hence, we can write

d2 KL(w)| = - AiQ tr HOA)CH\) dWH AW + tr HO) dWH()\) dW
X

w=wo, 9:5)\ -
1
+ 5t {H-4H\)+ H*(\)} dWHdW.
Vectorizing, leads to

A2 KL(w)| = - % (dvecW)" (H @ H(\)CH(\)) dvec W

w:wo,0:§>\ by
+ %(dvec W) (H® H —4H(\) + H*(\)) dvec W

+ (dvee W) (H(\) @ H()\)) dvec W,

as W = diag(w), then there exists a transition matrix B, (see Nel, 1980) such
that vec W = B, w. Using the second identification theorem given in Magnus and
Neudecker (2019), the result follows. O

Proof of Proposition 8. For this perturbation scheme, it is straightforward to notice
that K L(w) is given by

KL(w) = %6T Cov (8,6 = tw How,
because § = —(X ' X + A)"'X Twand H = X(X X)) 'X". Thus,
dy KL(w)=w'Hdw, d>KL(w)=(dw) Hdw.

Applying the theorems of identification by Magnus and Neudecker (2019), we verify
the proposition. O

Proof of Proposition 4. Consider the following influence function,

KL(w) = 550" (@)83(@) (X (@)X (@)~ Sx(@)s(w) £

XS 8,(@) (X (@)X () 81 (@) 87 X T
+ 108185 — 1 o | X X| ~ log|Sx(w)| + 5 log | X (w) X ()]
Obtaining the first differential of K L(w) with respect to w yields,
do KL(w) = =567 (@)S)(@)(X T (@)X () e(dw) X
+ 58T (@)SA(@)(X T (@)X (@) ' Q)Sr (@)X (w) XA
+ 5567 (@)82(@)(X T (@) X (@)1 Q(w)8(w)
— 58T @)SA@)(X T (@)X (@) QW)X (@)X (@) Sx(w)8(w)
Tatr S5 XT XS5, (w)(X | (@)X () Q)
— S SIX XS, 8 (@)(X T (@) X () Q)X (@) X (@) 1S (w)
—2a¢] 83 (@)X (W) dw + ac] (X (@)X (@) "' X (w)dw,
where Q(w) = ¢;(dw) T X(w) + X T (w)(dw)e].
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Evaluating at w = wq, and noticing that,
tr( X X)'Q(wo) =2¢] (X T X) !X Tdw, trS'Q(wp) =2¢/ S X dw,
leads to

dy KL(wo) = 2a¢/ S7' X Tdw —ac] (X" X)' X Tdw
—2a¢] ST X Tdw +ac/ (XTX) ' X Tdw = 0.

The secod differential of K L(w) with respect to w, is given by
2
& KL(w) = =BT X (dw)e] (X T (w) X (w)) e(dw) X8
o

a2
_ ﬁﬁTXTX(w)S/(l(w)Q(w)(XT(w)X(w))_lct(dw)TX,B

2

- 58T (@QW)(XT (W) X)) ei(dw) X8
a2
+ 5507 ()52 (@) (X (@) X () Q) (X (@) X () er(dw) X

~ 58T X ([dw)e] (XT (@)X (@) QW)Si (@)X (@) XB

+ 58 XX ()8 (@)Q)(X T (@)X (@) ' Q)Sr (@)X (@) XA

a2

+ 56T (@)QW)(X T (@)X (@) Q)Sx(@) X () X8

a2

— 50 (WS W)X T (@)X (@) QW)(X ()X () ' QW) Sx(w) X T (w) X3

+ 20%5T(w)(XT(w)X(w))_1ct(d w) T (dw)e! Sx(w)X T (w)XB

+ 50 (WSNX T (W)X (W) Q% (W)X T (w) X3

+ %tﬂ(w)Sx(w)(XT(w)X(w))‘lQ(w)Sx(w)(d w)e, X3

- %ZBTXT(d w)e] (X (w)X (W) 'Q(w)d(w)

+ Z—ZﬁTXTX(w)s;l(w)Q(w)(xT(w)X(w))—lQ(w)a(w)

a2

+ 50" (@ QW)(X (@) X (w) "' Q(w)d(w)

a2

— 30T (@)SW)(XT (@)X (@) ' QW)(X T (@)X (@) 'Q(w)d(w)
+ 20%5T(w)sx(w)(XT(w)X(w))’lct(d w) ' (dw)e/ §(w)

a2

— 6T (@) @) (X (@)X (@)1 Qw)S} (w)e(dw) X8
2

+ 56TSH(@)(X T (@)X (@) @)y (@)Q()S; ! ()X (w) X8
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- %BTXVW)C? (X7 (@)X (@) Q)(X T (w)X (@) 81 (w)d(w)

- %;BTXTX(LU)SXI(w)Q(w)(XT(w)X(w))‘lQ(w)(XT(w)X(w))—lsﬂs(w)

&2

- ﬁtf(w)Q(w)(XT(w)X(w))’lQ(W)(XT(w)X(w))“SA(w)ts(w)

+2725T( @) S (@)(X T ()X (@) ' QW)(X (W)X (w)) ' Q(W)(X " (w) X (w)) S0 (w)

CL

— 30T (WS W)X T (@) X (@) er(dw) T ([dw)el (X (w) X (@) 7' S (w)d(w)

a2

+ 5550 (W)SA(W)(X (@)X (@) 7' QW)(X T (W) X (@) Qw)(X T (w) X (w)) ' Sx(w)d(w)

*T‘QfsT(w)SA(w)(XT( w) )

ot tr S5 X T XS5 Q) (X (@)X ()1 Q(w)

—a?tr S X TX SIS\ (W) (X T (@)X (@) ' Qw)(X T (w) X (w)) ' Q(w)
+2a%tr ST X T XSS (w) (X T (w) X (w) ter(dw) T (dw)e)

- %ztr SVXTXS QW)X (@)X (W) ' Qw)(X T (w) X () ' Sa(w)
a2
totr SVXTXS IS SAMW)(X T (@)X (w) QW) (X T (w) X () QW) (X T (w) X (w)) 183 (w)
—a?tr ST X TX S8 (w)(X T (w) X (w) te(dw) T (dw)e (X T (w) X (w)) 1S (w)
+%2tr5*1XTXS’1SA( )(X T (@)X (W) ' QW)(X T ()X () ' Q(w)(X T (w) X (w)) ' Sa(w)
- gtrs XTXSSAw)(X T (@)X (W) ' QW) (X T (w) X () ' Q(w)
+2d%¢] 8§71 (w)Q(w) S Hw) X T (w) dw — 2a%¢] §;H (w)er(dw) T dw
—a’¢/ (X (W)X (@) 'QW)(X T (W)X (w)) ' X (w)dw +a’¢/ (X T (W)X (w)) e (dw) dw
Consider,
R=(X"X)"", L=8S;Y(X"X)'S5!, m=58'X"Y,,
and F; = ctct . Noticing that,

(X'X)'Q(wo)(X " X)'Q(wo) = (X" X) ' X N(dw)(dw) X
+(XTX) ley(dw) THdw)e] + (dw)"X(XTX) e [(XTX) te(dw)TX
+(XTX)'X T (dw)ef ],
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and analogously

S$7'Q(wo)(X TX)1Q(wo) = 7S ' X T (dw)(dw) "X + S5 e (dw) T H(dw)e,
+(dw)"X(XTX) e[S e (dw) T X + 871X T (dw)e/ ],

and evaluating at w = wq, 0 = /9\,\, leads to

2 a’ry Ty v
dwKL(wo):?(dW) Y)\Y)\ dw_T 3
A A

H(\)dw

2
+ a? (ltt + % + rft> (dw)'Hdw — 2%y (dw) " HA)(I — 3
)

2a2 ~ AT
- a%(01w)TX(XTX)—115“9;1)(TYAYA (I-31H()dw
—4a*(dw) " X(X"X)'ES' XTI - 3H(N)dw
+a3(dw)"X(XTX)TE(X T X)X T dw
+20*(dw) " XS'E ST X T dw.

Using the theorems of identification in Magnus and Neudecker (2019), the result
follows. O

APPENDIX C. PENALIZED LIKELIHOOD DISPLACEMENT FOR RIDGE REGRESSION

Suppose that 3 is the parameter of main interest while o2 is assumed as a nuisance
parameter. To assess the influence of the i-th observation (¢ = 1,...,n), we propose
to use the penalized likelihood displacement (Cook et al., 1988), which can be
developed for ridge regression as,

LDi(Bl0%) = 2{£x(B,,53) — max £x(Bx (1), o)}
Because,
1 ~ ~
0(Bx(1),0%) = — 5 log 270 — —([Y = XB,(0)|I” + A|BL()]),

it is maximized at o2, (1) = (|Y — XB/\(Z)”Q + )\HBA(Z)HQ)/H Therefore,

S /. n n ~ . n
max 05(By (i), 0%) = 5 log 27 — 5 log 52, (i) — 5
In addition,
S ~2 n n ~2 1 a2 112 2 12
0A(By,03) = —5 log 2m — S 1og 5} — =5 (Y — XB,[” + AlIBAlI7)
2 2 252

= —glog%r— glogﬁi — g

This allows us to write,

LDZ(,Ble) _ nlog (%) — TLIOg (”Y - X/B)\(Z)||2 + )\”ﬂ)\(l)”2>

5 1Y — X 3,2 + AIB, 12
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