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Abstract. In this supplement, we present explicit expressions to determine
the influence of the ith observation on the ridge estimator and obtain ∇KL

and FKL which define the local curvature considering several perturbation

schemes.

Appendix A. Case-deletion influence measure based on
the Kullback-Leibler divergence

Proof of Proposition 1. We have that δ = E(β̂λ)− E(β̂λ(i)) can be written as

δ = S−1
λ X⊤Xβ − S−1

λ (i)X⊤
(i)X(i)β,

due to the fact that X⊤
(i)X(i) = X⊤X − xix

⊤
i , and

S−1
λ (i) = S−1

λ +
S−1

λ xix
⊤
i S

−1
λ

1− hii(λ)
,

it follows that

δ = S−1
λ xix

⊤
i β − 1

1− hii(λ)
S−1

λ xix
⊤
i S

−1
λ X⊤Xβ +

hii(λ)

1− hii(λ)
S−1

λ xix
⊤
i β

= − 1

1− hii(λ)
S−1

λ xix
⊤
i S

−1
λ (X⊤X − Sλ)β =

λ

1− hii(λ)
S−1

λ xix
⊤
i S

−1
λ β.

By defining q(β) = x⊤
i S

−1
λ β, we can notice that,

Sλ(i)δ =
λ

1− hii(λ)
(Sλ − xix

⊤
i )S

−1
λ xiq(β) =

λ

1− hii(λ)
(1− hii(λ))xiq(β)

= λq(β)xi.

Thus,

δ⊤ Cov(β̂λ(i))δ =
1

σ2
δ⊤Sλ(i)(X

⊤
(i)X(i))

−1Sλ(i)δ

=
λ2q2(β)

σ2
x⊤
i

{
(X⊤X)−1 +

(X⊤X)−1xix
⊤
i (X

⊤X)−1

1− hii

}
xi

=
λ2q2(β)

σ2

(
hii +

h2
ii

1− hii

)
=

λ2q2(β)

σ2

( hii

1− hii

)
(A.1)

For the calculation of trCov(β̂)Cov−1(β̂λ(i)) it is required to obtain the trace of the

X⊤XS−1
λ Sλ(i)(X

⊤
(i)X(i))

−1Sλ(i)S
−1
λ matrix. After a simple but tedious algebra,
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we obtain

X⊤XS−1
λ Sλ(i)(X

⊤
(i)X(i))

−1Sλ(i)S
−1
λ = X⊤XS−1

λ (Sλ − xix
⊤
i )

{
(X⊤X)−1

+
1

1− hii
(X⊤X)−1xix

⊤
i (X

⊤X)−1
}
(Sλ − xix

⊤
i )S

−1
λ

= Ip +
1

1− hii
xix

⊤
i (X

⊤X)−1 − xix
⊤
i S

−1
λ − hii

1− hii
xix

⊤
i S

−1
λ

−X⊤XS−1
λ xix

⊤
i (X

⊤X)−1 − hii

1− hii
X⊤XS−1

λ xix
⊤
i (X

⊤X)−1

+ hiiX
⊤XS−1

λ xix
⊤
i S

−1
λ +

h2
ii

1− hii
X⊤XS−1

λ xix
⊤
i S

−1
λ .

Therefore,

trCov(β̂λ)Cov
−1(β̂λ(i)) = p+

hii

1− hii
− 2hii(λ)−

2hiihii(λ)

1− hii

+
hii

1− hii
trX⊤XS−1

λ xix
⊤
i S

−1
λ

= p+
1

1− hii

(
hii − 2hii(λ) + hii trX

⊤XS−1
λ xix

⊤
i S

−1
λ

)
.

Using the SVD decomposition of X = UDV ⊤ and noting that xi = V Dui, for
i = 1, . . . , n, leads to,

X⊤XS−1
λ xix

⊤
i S

−1
λ = V D2(D2 + λIp)

−1Duiu
⊤
i D(D2 + λIp)

−1V ⊤,

hence
trX⊤XS−1

λ xix
⊤
i S

−1
λ = tr∆uiu

⊤
i ∆ = u⊤

i ∆
2ui,

with ∆ = (D2 + λI)−1D2. Consequently,

trCov(β̂λ)Cov
−1(β̂λ(i)) = p+

1

1− hii

{
(1 + u⊤

i ∆
2ui)hii − 2hii(λ)

}
. (A.2)

In addition, as

|X⊤
(i)X(i)| = |X⊤X(I − (X⊤X)−1xix

⊤
i )| = (1− hii)|X⊤X|,

|Sλ(i)| = |Sλ(I − S−1
λ xix

⊤
i )| = (1− hii(λ))|Sλ|,

leads to write the ratio of determinants as

|Cov(β̂λ)|
|Cov(β̂λ(i))|

=
σ2p|S−1

λ X⊤XS−1
λ |

σ2p|S−1
λ (i)X⊤

(i)X(i)S
−1
λ (i)|

=
( |Sλ(i)|

|Sλ|

)2 |X⊤X|
|X⊤

(i)X(i)|

=
{ (1− hii(λ))|Sλ|

|Sλ|

}2 |X⊤X|
(1− hii)|X⊤X|

=
(1− hii(λ))

2

1− hii
(A.3)

Thus, by collecting Equations (A.1), (A.2) and (A.3), allows to verify the proposi-
tion. □

Appendix B. Curvature derivation

In this appendix we derive the first and second differential dω KL(ω) and d2ω KL(ω)
for the each perturbation scheme defined in Section 3.2 of the manuscript. The vec-
tor ∇KL and matrix FKL are efficiently obtained using the differentiation method
described in Magnus and Neudecker (2019) (see also Liu et al., 2024).
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Proof of Proposition 2. Assume the influence function

KL(ω) =
1

2
δ⊤(ω)Sλ(ω)(X⊤WX)−1Sλ(ω)δ(ω)− p

2

+
1

2
trXS−1

λ Sλ(ω)(X⊤WX)−1Sλ(ω)S−1
λ X⊤

+ log |Sλ| −
1

2
log |X⊤X| − log |Sλ(ω)|+ 1

2
log |X⊤WX|,

where δ(ω) = (Mλ−Mλ(ω))β, withMλ = S−1
λ X⊤X andMλ(ω) = S−1

λ (ω)X⊤WX.
Consider the following differentials,

dω(X
⊤WX)−1 = −(X⊤WX)−1X⊤ dWX(X⊤WX)−1, (B.1)

dω log |X⊤WX| = tr(X⊤WX)−1X⊤WX, (B.2)

dω Sλ(ω) = X⊤ dWX, (B.3)

dω log |Sλ(ω)| = trS−1
λ (ω)X⊤ dWX, (B.4)

dω S−1
λ (ω) = −S−1

λ (ω)X⊤ dWXS−1
λ (ω), (B.5)

and additionally

dω Mλ(ω) = − {S−1
λ (ω)X⊤ dWXS−1

λ (ω)X⊤WX

− S−1
λ (ω)X⊤ dWX}. (B.6)

Using Equations (B.1) through (B.6), and after some algebra, it follows that

dω KL(ω) = − 1

σ2
trX(X⊤WX)−1Sλ(ω)(Mλ −Mλ(ω))ββ⊤X⊤ dW

+
1

σ2
trX(X⊤WX)−1Sλ(ω)(Mλ −Mλ(ω))ββ⊤X⊤WXS−1

λ (ω)X⊤ dW

+ trX(X⊤WX)−1Sλ(ω)S−1
λ X⊤XS−1

λ X⊤ dW

− 1

2
X(X⊤WX)−1Sλ(ω)S−1

λ X⊤XS−1
λ Sλ(ω)(X⊤WX)−1X⊤ dW

+
1

2
trX(X⊤WX)−1X⊤ dW − trX⊤S−1

λ (ω)X⊤ dW .

Evaluating at ω = ω0, we have

Mλ −M(ω0) = 0, Sλ(ω) = Sλ, X⊤W 0X = X⊤X,

from which it follows that

dω KL(ω)
∣∣
ω=ω0

= trX⊤S−1
λ X dW − 1

2
trX(X⊤X)−1X⊤ dW

+
1

2
trX(X⊤X)−1X⊤ dW − trX⊤S−1

λ X dW = 0.

Using the first identification theorem given in Magnus and Neudecker (2019), we
obtain that ∂KL(ω)/∂ω

∣∣
ω=ω0

= 0.
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Now, we have

d2ωKL(ω) =
1

σ2
β⊤X⊤ dWX(X⊤WX)−1X⊤ dWX(X⊤WX)−1Sλ(ω)δ(ω)

− 1

σ2
β⊤X⊤ dWX(X⊤WX)−1X⊤ dWXδ(ω)

+
1

σ2
β⊤X⊤ dWX(X⊤WX)−1X⊤ dWXS−1

λ (ω)X⊤WXβ

− 1

σ2
β⊤X⊤ dWX(X⊤WX)−1X⊤ dWXβ

+
1

σ2
β⊤X⊤ dWXS−1

λ (ω)X⊤ dWX(X⊤WX)−1Sλ(ω)δ(ω)

− 1

σ2
β⊤X⊤WXS−1

λ (ω)X⊤ dWXS−1
λ (ω)X⊤ dWX(X⊤WX)−1Sλ(ω)δ(ω)

− 1

σ2
β⊤X⊤WXS−1

λ (ω)X⊤ dWX(X⊤WX)−1X⊤ dWX(X⊤WX)−1Sλ(ω)δ(ω)

+
1

σ2
β⊤X⊤WXS−1

λ (ω)X⊤ dWX(X⊤WX)−1X⊤ dWXS−1
λ (ω)X⊤WXβ

− 1

σ2
β⊤X⊤WXS−1(ω)X⊤ dWX(X⊤WX)−1X⊤ dWXβ

− trXS−1
λ X⊤ dWX(X⊤WX)−1X⊤ dWX(X⊤WX)−1Sλ(ω)S−1

λ X⊤

+ trXS−1
λ X⊤ dWX(X⊤WX)−1X⊤ dWXS−1

λ X⊤

+ trX⊤S−1
λ Sλ(ω)(X⊤WX)−1X⊤ dWX(X⊤WX)−1X⊤ dWX(X⊤WX)−1Sλ(ω)S−1

λ X⊤

− 1

2
trX⊤S−1

λ Sλ(ω)(X⊤WX)−1X⊤ dWX(X⊤WX)−1X⊤ dWXS−1
λ X⊤

− 1

2
tr(X⊤WX)−1X dWX(X⊤WX)−1X⊤ dWX

+ trS−1
λ (ω)X⊤ dWXS−1

λ (ω)X⊤ dWX.

Evaluating at ω = ω0 and θ = θ̂λ, it follows

d2ωKL(ω)
∣∣
ω=ω0, θ=θ̂λ

= − 1

σ̂2
λ

β̂⊤
λX

⊤ dWH dWXβ̂λ

+
1

σ̂2
λ

β̂⊤
λX

⊤H(λ) dWH dWH(λ)Xβ̂λ − trH(λ) dWH dWH

+ trH(λ) dWH dWH(λ)− trH(λ) dWH dWH + trH dWH dWH

+ trH(λ) dWH(λ) dW − 1

2
trH dWH dW .

Noticing that Ŷ λ = Xβ̂λ = H(λ)Y , and

HH(λ) = H(λ), H(λ)H = H(λ),

we obtain

d2ωKL(ω)
∣∣
ω=ω0, θ=θ̂λ

= − 1

σ̂2
λ

trH(λ)CH(λ) dWH dW + trH2(λ) dWH dW

− 2 trH(λ) dWH dW + trH(λ) dWH(λ) dW +
1

2
trH dWH dW ,

where C = Y Y ⊤ − Ŷ λŶ
⊤
λ .
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Hence, we can write

d2ω KL(ω)
∣∣
ω=ω0, θ=θ̂λ

= − 1

σ̂2
λ

trH(λ)CH(λ) dWH dW + trH(λ) dWH(λ) dW

+
1

2
tr
{
H − 4H(λ) +H2(λ)

}
dWH dW .

Vectorizing, leads to

d2ω KL(ω)
∣∣
ω=ω0, θ=θ̂λ

= − 1

σ̂2
λ

(d vecW )⊤
(
H ⊗H(λ)CH(λ)

)
d vecW

+
1

2
(d vecW )⊤

(
H ⊗H − 4H(λ) +H2(λ)

)
d vecW

+ (d vecW )⊤
(
H(λ)⊗H(λ)

)
d vecW ,

as W = diag(ω), then there exists a transition matrix Bn (see Nel, 1980) such
that vecW = Bnω. Using the second identification theorem given in Magnus and
Neudecker (2019), the result follows. □

Proof of Proposition 3. For this perturbation scheme, it is straightforward to notice
that KL(ω) is given by

KL(ω) = 1
2δ

⊤ Cov−1(β̂λ)δ = 1
2ω

⊤Hω,

because δ = −(X⊤X + λI)−1X⊤ω and H = X(X⊤X)−1X⊤. Thus,

dω KL(ω) = ω⊤H dω, d2ω KL(ω) = (dω)⊤H dω.

Applying the theorems of identification by Magnus and Neudecker (2019), we verify
the proposition. □

Proof of Proposition 4. Consider the following influence function,

KL(ω) =
1

2σ2
δ⊤(ω)Sλ(ω)(X⊤(ω)X(ω))−1Sλ(ω)δ(ω)− p

2

+
1

2
trXS−1

λ Sλ(ω)(X⊤(ω)X(ω))−1Sλ(ω)S−1
λ X⊤

+ log |Sλ| −
1

2
log |X⊤X| − log |Sλ(ω)|+ 1

2
log |X⊤(ω)X(ω)|.

Obtaining the first differential of KL(ω) with respect to ω yields,

dω KL(ω) = − a

σ2
δ⊤(ω)Sλ(ω)(X⊤(ω)X(ω))−1ct(dω)⊤Xβ

+
a

σ2
δ⊤(ω)Sλ(ω)(X⊤(ω)X(ω))−1Q(ω)Sλ(ω)X⊤(ω)Xβ

+
a

σ2
δ⊤(ω)Sλ(ω)(X⊤(ω)X(ω))−1Q(ω)δ(ω)

− a

2σ2
δ⊤(ω)Sλ(ω)(X⊤(ω)X(ω))−1Q(ω)(X⊤(ω)X(ω))−1Sλ(ω)δ(ω)

+ a trS−1
λ X⊤XS−1

λ Sλ(ω)(X⊤(ω)X(ω))−1Q(ω)

− a

2
trS−1

λ X⊤XS−1
λ Sλ(ω)(X⊤(ω)X(ω))−1Q(ω)(X⊤(ω)X(ω))−1Sλ(ω)

− 2ac⊤t S
−1
λ (ω)X⊤(ω) dω + ac⊤t (X

⊤(ω)X(ω))−1X⊤(ω) dω,

where Q(ω) = ct(dω)⊤X(ω) +X⊤(ω)(dω)c⊤t .
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Evaluating at ω = ω0, and noticing that,

tr(X⊤X)−1Q(ω0) = 2c⊤t (X
⊤X)−1X⊤ dω, trS−1

λ Q(ω0) = 2c⊤t S
−1
λ X⊤ dω,

leads to

dω KL(ω0) = 2ac⊤t S
−1
λ X⊤ dω − ac⊤t (X

⊤X)−1X⊤ dω

− 2ac⊤t S
−1
λ X⊤ dω + ac⊤t (X

⊤X)−1X⊤ dω = 0.

The secod differential of KL(ω) with respect to ω, is given by

d2ω KL(ω) =
a2

σ2
β⊤X⊤(dω)c⊤t (X

⊤(ω)X(ω))−1ct(dω)⊤Xβ

− a2

σ2
β⊤X⊤X(ω)S−1

λ (ω)Q(ω)(X⊤(ω)X(ω))−1ct(dω)⊤Xβ

− a2

σ2
δ⊤(ω)Q(ω)(X⊤(ω)X(ω))−1ct(dω)⊤Xβ

+
a2

σ2
δ⊤(ω)Sλ(ω)(X⊤(ω)X(ω))−1Q(ω)(X⊤(ω)X(ω))−1ct(dω)⊤Xβ

− a2

σ2
β⊤X⊤(dω)c⊤t (X

⊤(ω)X(ω))−1Q(ω)Sλ(ω)X⊤(ω)Xβ

+
a2

σ2
β⊤X⊤X(ω)S−1

λ (ω)Q(ω)(X⊤(ω)X(ω))−1Q(ω)Sλ(ω)X⊤(ω)Xβ

+
a2

σ2
δ⊤(ω)Q(ω)(X⊤(ω)X(ω))−1Q(ω)Sλ(ω)X⊤(ω)Xβ

− a2

σ2
δ⊤(ω)Sλ(ω)(X⊤(ω)X(ω))−1Q(ω)(X⊤(ω)X(ω))−1Q(ω)Sλ(ω)X⊤(ω)Xβ

+
2a2

σ2
δ⊤(ω)(X⊤(ω)X(ω))−1ct(dω)⊤(dω)c⊤t Sλ(ω)X⊤(ω)Xβ

+
a2

σ2
δ⊤(ω)Sλ(X

⊤(ω)X(ω))−1Q2(ω)X⊤(ω)Xβ

+
a2

σ2
δ⊤(ω)Sλ(ω)(X⊤(ω)X(ω))−1Q(ω)Sλ(ω)(dω)c⊤t Xβ

− a2

σ2
β⊤X⊤(dω)c⊤t (X

⊤(ω)X(ω))−1Q(ω)δ(ω)

+
a2

σ2
β⊤X⊤X(ω)S−1

λ (ω)Q(ω)(X⊤(ω)X(ω))−1Q(ω)δ(ω)

+
a2

σ2
δ⊤(ω)Q(ω)(X⊤(ω)X(ω))−1Q(ω)δ(ω)

− a2

σ2
δ⊤(ω)Sλ(ω)(X⊤(ω)X(ω))−1Q(ω)(X⊤(ω)X(ω))−1Q(ω)δ(ω)

+
2a2

σ2
δ⊤(ω)Sλ(ω)(X⊤(ω)X(ω))−1ct(dω)⊤(dω)c⊤t δ(ω)

− a2

σ2
δ⊤(ω)Sλ(ω)(X⊤(ω)X(ω))−1Q(ω)S−1

λ (ω)ct(dω)⊤Xβ

+
a2

σ2
δ⊤Sλ(ω)(X⊤(ω)X(ω))−1Q(ω)S−1

λ (ω)Q(ω)S−1
λ (ω)X⊤(ω)Xβ
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+
a2

2σ2
β⊤X⊤(dω)c⊤t (X

⊤(ω)X(ω))−1Q(ω)(X⊤(ω)X(ω))−1Sλ(ω)δ(ω)

− a2

2σ2
β⊤X⊤X(ω)S−1

λ (ω)Q(ω)(X⊤(ω)X(ω))−1Q(ω)(X⊤(ω)X(ω))−1Sλδ(ω)

− a2

2σ2
δ⊤(ω)Q(ω)(X⊤(ω)X(ω))−1Q(ω)(X⊤(ω)X(ω))−1Sλ(ω)δ(ω)

+
a2

2σ2
δ⊤(ω)Sλ(ω)(X⊤(ω)X(ω))−1Q(ω)(X⊤(ω)X(ω))−1Q(ω)(X⊤(ω)X(ω))−1Sλδ(ω)

− a2

σ2
δ⊤(ω)Sλ(ω)(X⊤(ω)X(ω))−1ct(dω)⊤(dω)c⊤t (X

⊤(ω)X(ω))−1Sλ(ω)δ(ω)

+
a2

2σ2
δ⊤(ω)Sλ(ω)(X⊤(ω)X(ω))−1Q(ω)(X⊤(ω)X(ω))−1Q(ω)(X⊤(ω)X(ω))−1Sλ(ω)δ(ω)

− a2

2σ2
δ⊤(ω)Sλ(ω)(X⊤(ω)X(ω))−1Q(ω)(X⊤(ω)X(ω))−1Q(ω)δ(ω)

+
a2

2σ2
δ⊤(ω)Sλ(ω)(X⊤(ω)X(ω))−1Q(ω)(X⊤(ω)X(ω))−1ct(dω)⊤Xβ

− a2

2σ2
δ⊤(ω)Sλ(ω)(X⊤(ω)X(ω))−1Q(ω)(X⊤(ω)X(ω))−1Q(ω)S−1

λ X⊤(ω)Xβ

+ a2 trS−1
λ X⊤XS−1

λ Q(ω)(X⊤(ω)X(ω))−1Q(ω)

− a2 trS−1
λ X⊤XS−1

λ Sλ(ω)(X⊤(ω)X(ω))−1Q(ω)(X⊤(ω)X(ω))−1Q(ω)

+ 2a2 trS−1
λ X⊤XS−1

λ Sλ(ω)(X⊤(ω)X(ω))−1ct(dω)⊤(dω)c⊤t

− a2

2
trS−1

λ X⊤XS−1
λ Q(ω)(X⊤(ω)X(ω))−1Q(ω)(X⊤(ω)X(ω))−1Sλ(ω)

+
a2

2
trS−1

λ X⊤XS−1
λ S−1

λ Sλ(ω)(X⊤(ω)X(ω))−1Q(ω)(X⊤(ω)X(ω))−1Q(ω)(X⊤(ω)X(ω))−1S−1
λ (ω)

− a2 trS−1
λ X⊤XS−1

λ Sλ(ω)(X⊤(ω)X(ω))−1ct(dω)⊤(dω)c⊤t (X
⊤(ω)X(ω))−1Sλ(ω)

+
a2

2
trS−1

λ X⊤XS−1
λ Sλ(ω)(X⊤(ω)X(ω))−1Q(ω)(X⊤(ω)X(ω))−1Q(ω)(X⊤(ω)X(ω))−1Sλ(ω)

− a2

2
trS−1

λ X⊤XS−1
λ Sλ(ω)(X⊤(ω)X(ω))−1Q(ω)(X⊤(ω)X(ω))−1Q(ω)

+ 2a2c⊤t S
−1
λ (ω)Q(ω)S−1

λ (ω)X⊤(ω) dω − 2a2c⊤t S
−1
λ (ω)ct(dω)⊤ dω

− a2c⊤t (X
⊤(ω)X(ω))−1Q(ω)(X⊤(ω)X(ω))−1X⊤(ω) dω + a2c⊤t (X

⊤(ω)X(ω))−1ct(dω) dω

Consider,

R = (X⊤X)−1, L = S−1
λ (X⊤X)−1S−1

λ , m = S−1
λ X⊤Ŷ λ,

and Et = ctc
⊤
t . Noticing that,

(X⊤X)−1Q(ω0)(X
⊤X)−1Q(ω0) = rtt(X

⊤X)−1X⊤(dω)(dω)⊤X

+ (X⊤X)−1ct(dω)⊤H(dω)c⊤t + (dω)⊤X(X⊤X)−1ct[(X
⊤X)−1ct(dω)⊤X

+ (X⊤X)−1X⊤(dω)c⊤t ],
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and analogously

S−1
λ Q(ω0)(X

⊤X)−1Q(ω0) = rttS
−1
λ X⊤(dω)(dω)⊤X + S−1

λ ct(dω)⊤H(dω)c⊤t

+ (dω)⊤X(X⊤X)−1ct[S
−1
λ ct(dω)⊤X + S−1

λ X⊤(dω)c⊤t ],

and evaluating at ω = ω0, θ = θ̂λ, leads to

d2ω KL(ω0) =
a2rtt
σ̂2
λ

(dω)⊤Ŷ λŶ
⊤
λ dω − 2a2rtt

σ̂2
λ

(dω)⊤H(λ)Ŷ λŶ
⊤
λ (I − 1

2H(λ)) dω

+ a2
(
ltt +

m2
t

σ̂2
λ

+ r2tt

)
(dω)⊤H dω − 2a2rtt(dω)⊤H(λ)(I − 1

2H(λ)) dω

− 2a2

σ̂2
λ

(dω)⊤X(X⊤X)−1EtS
−1
λ X⊤Ŷ λŶ

⊤
λ (I − 1

2H(λ)) dω

− 4a2(dω)⊤X(X⊤X)−1EtS
−1
λ X⊤(I − 1

2H(λ)) dω

+ a2(dω)⊤X(X⊤X)−1Et(X
⊤X)−1X⊤ dω

+ 2a2(dω)⊤XS−1
λ EtS

−1
λ X⊤ dω.

Using the theorems of identification in Magnus and Neudecker (2019), the result
follows. □

Appendix C. Penalized likelihood displacement for ridge regression

Suppose that β is the parameter of main interest while σ2 is assumed as a nuisance
parameter. To assess the influence of the i-th observation (i = 1, . . . , n), we propose
to use the penalized likelihood displacement (Cook et al., 1988), which can be
developed for ridge regression as,

LDi(β|σ2) = 2{ℓλ(β̂λ, σ̂
2
λ)−max

σ2
ℓλ(β̂λ(i), σ

2)}.

Because,

ℓλ(β̂λ(i), σ
2) = −n

2
log 2πσ2 − 1

2σ2

(
∥Y −Xβ̂λ(i)∥2 + λ∥β̂λ(i)∥2

)
,

it is maximized at σ̂2
max(i) =

(
∥Y −Xβ̂λ(i)∥2 + λ∥β̂λ(i)∥2

)
/n. Therefore,

max
σ2

ℓλ(β̂λ(i), σ
2) = −n

2
log 2π − n

2
log σ̂2

max(i)−
n

2
.

In addition,

ℓλ(β̂λ, σ̂
2
λ) = −n

2
log 2π − n

2
log σ̂2

λ − 1

2σ̂2
λ

(
∥Y −Xβ̂λ∥2 + λ∥β̂λ∥2

)
= −n

2
log 2π − n

2
log σ̂2

λ − n

2
.

This allows us to write,

LDi(β|σ2) = n log
( σ̂2

max

σ̂2
λ

)
= n log

(∥Y −Xβ̂λ(i)∥2 + λ∥β̂λ(i)∥2

∥Y −Xβ̂λ∥2 + λ∥β̂λ∥2
)
.
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